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Also solved by J. SCHEFFES said A. H. HOLMES. 

56. Proposed by B. P, BURLESON, Oneida Castle, New York. 

Find (1) the length s of the closed curve of the cardioid ; (2) its area A ;(3)if made to 
revolve about its axis 2a, find the maximum longitudinal circumference C of the solid gen- 
erated ; (4) find the surface K of the same ; (5) its volume V; (6) the distance xo of the cen- 
ter of gravity of the solid from the origin 0; and (7) the distance go of the center of grav- 
ity of the plane curve from the origin 0. 

I. Solution by J. SCHEFFEB, A. M., Hagerstown, Maryland, and the PEOPOSEE. 

Let AB=a be the diameter of a circle. From A draw any chord AC. 
Make CP and CF=b, then will the locus of P 
or F be the Limacon. If AP=r, Z PAB=0, we 
find at once the polar equation of the Limacon 
to'be r=ac<)80-f-&. If b>a, the curve consists 
of but one loop ; if 6<a, it has two loops, and if 
6=a the curve becomes the Cardioid, the polar 
equation of which is r=a(l-|-cos0). It can eas- 
ily be shown that the cardioid is an epicycloid, 
the generating circle of which is equal to the fixed 
one ; also, drawing through the center of the 

circle a line parallel to AP cutting the circumference of the circle at D, and draw- 
ing through P a line parallel to CD, this line is a tangent to the cardioid at P. 
The different problems proposed are best solved by means of the polar equation 
of the curve. 




(1). The length s^zfde f r s + (— V ,=2af cosiW,=Sa. 
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(3). To find the maximum ordinate, rsin6 , =a(sin#+ Jsin2# is to be 
a maximum. By differentiation we find 0=60°. .\ maximum ordinate=Jai/3, 
and circumference •C=|ira|/ 3. 

(4). Surface K=-2x f rsmwj r i + (JlY 

Q + cos^sinflcosW^-lG™ 2 | cos 4 }Wco8}tf,^ : -^r ■. 

For the distance x„ of the center of gravity of this surface we have 

Kx = 2n Cr*sin(icos()Ols/dH).dt>, =4rra 3 C" (l + costiysmfcosfl.coslOdf), 
J o •* o 
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(6). The distance x„ of this volume from the origin we find from 

Vx<.= 2n\ r*drd08inffrsm0,==—£—l (l + cos#) 4 sin 2 W, 

J J J «/ o 

=32;ra 4 J^ cos' *tfein»>gdg,= M * o4 2 ^* )/1CV) ,=»»ta«; 
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(7). The distance .x of the center of gravity of the arc of the curve from 
the origin is found by 

sx a -^2 C rsmf).2acosi».dfi,r=l(ia s C cos 4 Jfl.sinJ H.dH, 

=— 32a 2 J cos 4 }^(cosj^),— — — , .-. x = •-= — =-8a=Ja ; 
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and the distance x' of the area of the curve from the origin is found by 

Ax' = § pr'cos/Mfl.^fa* (\l + coatf)'coaf>dtt,=ya % C (2cos*l&-co8Htf)dO, 
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=|?ra a . .-. x„=Jffo'H — jr— =ja. 



II. Solution by G. B. M. ZERH, A. H., Ph. D., Texarkana, Arkansas-Texas. 

Let r=a(l + cos#), be the equation to the Cardioid. 

(1). s/2--=2ff C cos(ltt)dt>,==4a. .-. s=8o. 
J o 

(2). A=2a !t C" ' coaHifydH^iQlxa*). 
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(3). C-_2^p, where p---rsin^,=rtsin^(l + cos^). dp=2acos i 0-\-aQ.oa^—a. 
. - . cos^-=i or — 1. .•. for a maximum #--60°. 

(4). K^Xxa* pcos 3 (JW)sinMW,^K327ra s ). 

'' o 

r B 8in#rfWr,=:-=^— I cos s (l")sin«d#. 
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.-. K=J(8to 3 ). 

I r 3 ah\HcosHdHdr I cos 8 (}#)co8#sinMtf 
o^o . •/ o 
(b). x„ = --la 

• I r'ainfldfldr I cos«(i#)sin#d!« 
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(7). p. =-° , =J a — 

j J rdft/r J cos 4 (i«}rf6 

Also solved by <7. W. JW. BLACK. 



